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Abstract A noncentral potential is proposed in which the noncentral electric dipole
and a ring-shaped component cos2 θ/r2 sin2 θ are included. The exactly complete
solutions of the Schrödinger equation with this potential is investigated by working in
a complete square integrable basis that supports an infinite tridiagonal matrix repre-
sentation of the wave operator. The solutions obtained are for all energies, the discrete
(for bound states) as well as the continuous (for scattering states). The expansion
coefficients of the wavefunctions (both angular and radial) are written in terms of
orthogonal polynomials satisfying three-term recursion relation. The discrete spec-
trum of the bound states is obtained by diagonalization of the radial recursion relation.

Keywords Noncentral electric dipole potential · Tridiagonal matrix representation ·
Square integrable basis · Orthogonal polynomial

1 Introduction

It is well known that the exact solutions of wave equation with some central physi-
cal potentials play an important role in quantum mechanics, which provided strong
evidence supporting the correctness of the quantum theory. For example, the exact
solutions of the Schrödinger equation for a particle in the Coulomb potential or the har-
monic oscillator in three dimensions [1] were an important milestone at the beginning
stage of quantum mechanics, the concepts of the Coulomb potential or the harmonic
oscillator give us a good first approximation for understanding the spectroscopy and
the structure of diatomic molecules in their ground electronic states.
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In recent years, the noncentral potentials have been in the focus of some studies in
various fields since the advance of the Coulomb ring-shaped potential and the oscil-
latory ring-shaped potential [2–12]. This partly due to the occurrence of ‘accidental’
degeneracy and ‘hidden’ symmetry in those noncentral potentials. Moreover, the pos-
sible applications in quantum chemistry and nuclear physics, such as the use of these
noncentral potentials in the descriptions of ring-shaped molecules like benzene and
the interactions between deformed pair of nuclei. New methods were introduced and
developed for solving the wave equation with this kind of noncentral potential. The
Kustaanheimo–Stiefel (KS) transformation [11,12] the Darboux transformation [13],
the supersymmetric quantum mechanics and shape invariance method [14,15], and
the Nikiforov–Uvarov (NU) method [16–18] are few among the many methods.

The interaction of a charged particle with the noncentral electric dipole potential,
V (r, θ) = cos θ/r2(in spherical coordinates), is a fundamental problem, which rec-
eived a lot of attention since the early days of nuclear and molecular physics [19,20].
In the latter, this interest was fueled by the observation that electron capture by a
frozen molecule with a permanent electric dipole moment could take place only if the
dipole moment exceeds a certain minimum critical value [21–24]. It should be noted
that besides Alhaidari’s pioneering contribution [25], no noncentral electric dipole
potential appearing in the literature mentioned above. The major reason behind this
fact may be that the noncentral electric dipole potential was believed not to belong to
any of the established classes of exactly solvable potentials until Alhaidari, using the
tridiagonalization program, made it a new member of the exactly solvable potentials
[26,27].

In general, the noncentral ring-shaped potential has the form

V (�r) = Vr (r)+ r−2Vθ (θ). (1)

Where

Vr (r) = A

r
+ B

r2 + Cr2, Vθ (θ) = η cos θ + f (θ). (2)

Then one could treat the special cases corresponding to specific choices for the set of
potential parameters {A, B,C, η} and the angle-dependent f (θ). In our recent study
[28], f (θ) is selected as the novel angle-dependent (NAD) potential

f (θ) = h̄2

2μ

(
γ + β sin2 θ + α sin4 θ

sin2 θ cos2 θ

)
, (3)

which is suggested for the first time by Berkdemir and the radial part Vr (r) is selected
as the Coulomb potential or the harmonic oscillator potential, respectively [29]. Exact
solutions are obtained in the Schrödinger picture by means of the Nikiforov–Uvarov
(N-U) method. In present work, if we select B = C = 0, and f (θ) = cos2 θ/sin2 θ ,
another noncentral electric dipole ring-shaped potential is given as follows

V (r, θ) = Q

r
+ σ cos θ

r2 + q cos2 θ

r2 sin2 θ
. (4)
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Where σ is the electric dipole moment, Q its net charge and the parameter q is related
to the property of the ring-shaped term. Therefore, the physics will be different from
that mentioned above in some aspects. In this work, motivated by Alhaidari’s contri-
bution, we attempt to investigate the exact solution of the Schrödinger equation with
the potential (4) by using the tridiagonalization program.

The remainder of this paper is arranged as follows. In Sect. 2, the tridiagonalization
program and the associated L2 basis are outlined briefly. In Sect. 3, the Schrödinger
equation with this quantum system is separated into the angular and radial components.
In Sect. 4, the resulting three-term recursion relation for the expansion coefficients of
the wavefunctions (both angular and radial) are realized by tridiagonalization tech-
niques. The solution obtained is for all energies, the discrete (for bound states) as well
as the continuous (for scattering states). The discrete spectrum for the bound states is
obtained with the diagonalization of the radial recursion relation. Section 5 is devoted
to some concluding remarks and discusses.

2 Basis for the L2 function space

Recently, Alhaidari has introduced the tridiagonalization program for solving the wave
equation with solvable potentials. The main objective and motivation of this program
is to find solutions of new problems that could not be solved by the traditional meth-
ods (the diagonal program). Examples are the electric quadrupole potential in two
dimensions [30] the hyperbolic single wave potential in one dimension [31] and the
Yukawa potential [32], etc. As expected, of course, the tridiagonal program does give
the traditional solutions automatically [33].

In this program, one does not require a diagonal representation of the eigenvalue
wave operator. One only require the matrix representation of wave operator be tridi-
agonal and symmetric. That is, the action of the wave operator on the elements of the
basis is allowed to take the general form (H − E) |φm〉 ≈ |φm〉 + |φm−1〉 + |φm+1〉
and such that

〈φn |H − E |φm〉 = (an − z) δn,m + bnδn,m−1 + bn−1δn,m+1. (5)

Where z and the coefficients
{
an,bn

}∞
n=0 are real and, in general, functions of the

energy, angular momentum, and potential parameters. Therefore, the matrix wave
equation, which is obtained by expanding |ψ〉 in (H − E) |ψ〉 = 0 as�m fm |φm〉 and
projecting on the left by 〈φn|, resulting in the following three-term recursion relation

z fn = an fn + bn−1 fn−1 + bn fn+1. (6)

Consequently, the problem of solving the wave equation is translated into finding solu-
tions of the recursion relation for the expansion coefficients of the wavefunction ψ . In
most but not all cases, this recursion relation is solved easily by correspondence with
those for well-known orthogonal polynomials. Moreover, the representation Eq. (5)
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clearly shows that the discrete spectrum is easily obtained by diagonalization which
requires that

bn = 0 and an − z = 0, (7)

for all n.
In the configuration space, with coordinate x , the wavefunction ψE (x) is expanded

as
∑∞

n=0 fn(E)φn(x), where L2 basis functions φn(x) could generally be written as

φn(x) = Anwn(x)Pn(x). (8)

An is a normalization constant, Pn(x) is a polynomial of degree n in x , and wn(x) is
the weight function satisfies wn(x±) = 0, where x−(x+) is the left (right) boundary
of configuration space. In general, two kinds of spaces are useful, one is where x± are
finite and

W±(x) = (x − x−)α(x − x+)β, Pn(x) = 2 F1(−n, b, c; x). (9)

The other is semi-infinite, where x− is finite, x+ is infinite, and has the proper char-
acteristic

wn(x±) = (x − x−)αe−β(x−x−), Pn(x) = 1 F1(−n, c; x). (10)

Where 2 F1 (−n, b, c; x) is the hypergeometric function and 1 F1 (−n, c; x) is the con-
fluent hypergeometric function. The parameters α, β, b and c are real with α and β
positive. They are related to the physical parameters of corresponding problem and
may also depend (for bound states) on the index n.

3 Noncentral separable potentials in spherical coordinates

Throughout this work the atomic units (h̄ = M = e = 1) are employed for simplic-
ity. The three-dimensional time-independent Schrödinger equation in a potential V (�r)
reads

[
−1

2
�∇2 + V (�r)− E

]
|ψ(�r)〉 = 0, (11)

where the energy E is either discrete or continuous, and �∇ is the three-dimensional
Laplacian. In spherical coordinates, this wave equation is separable for potentials of
the form

V (�r) = Vr + 1

r2

[
Vθ (x)+ 1

1 − x2 Vϕ(ϕ)

]
, (12)
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where x = cos θ . Thus, if we write the wavefunction as ψ(r, θ, ϕ) = r−1 R(r)(θ)
�(ϕ), then the Eq. (11) with potential (12) gets separated as follows:

(
d2

dϕ2 − 2Vϕ + 2Eϕ

)
�(ϕ) = 0, (13)

[
−1

2

(
1 − x2

) d2

dx2 + x
d

dx
+ Eϕ

1 − x2 + Vθ (x)− Eθ

]
(x) = 0, (14)

[
−1

2

d2

dr2 + Eθ
r2 + Vr − E

]
R(r) = 0. (15)

Where the separation constants Eϕ and Eθ are real and dimensionless. In spherical
coordinates, the square integrability of the L2 basis is with respect to the following
integration measures:

∫
|ψ |2d3�r =

∞∫
0

|R|2 dr

1∫
−1

||2 dx

2π∫
0

|�|2 dϕ. (16)

The components of the wavefunction are also required to satisfy the boundary con-
ditions: R(0) = R(∞) = 0, �(ϕ) = �(ϕ + 2π) and (0) and (π) are of finite.
If the potential V (�r) is specialized to the case Vϕ = 0, the normalized solution of
Eq. (13) that satisfies the boundary conditions is

�m(ϕ) = 1√
2π

exp(imϕ), m = 0,±1,±2 . . . . (17)

giving Eϕ = 1
2 m2.

4 The exact solutions of the Schrödinger equation

First, let us study the θ -dependent Eq. (14), where

Vθ (x) = σ x + qx2

1 − x2 . (18)

We can expand the angular wavefunction,(θ), in a complete square integrable basis
functions {χn(x)}∞n=0 as(θ) = �∞

n=0 f m
n (Eθ )χn(x). These basis elements must sat-

isfy the boundary conditions in the configuration space with coordinate x ∈ [−1,+1].
They are written as

χn(x) = An(1 − x)α(1 + x)β P(μ,ν)n (x). (19)
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Where P(μ,ν)n (x) is the Jacobi polynomial of order n and n = 0, 1, 2, . . .. The dimen-
sionless real parameters α, β ≥ 0, μ, ν > −1 and An is the normalization constant
associated with the orthogonality of the Jacobi polynomials,

An =
√
(2n + μ+ ν + 1) �(n + 1)�(n + μ+ ν + 1)

2μ+ν+1�(n + μ+ 1)�(n + ν + 1)
. (20)

If we take the θ -angular Hamiltonian

Hθ = −1

2

(
1 − x2

) d2

dx2 + x
d

dx
+ qx2 + Eϕ

1 − x2 + σ x, (21)

and using the following differential formulas of the Jacobi polynomials

{(
1−x2

) d2

dx2 −[(μ+ ν + 2) x + μ− ν]
d

dx
+ n(n + μ+ ν + 1)

}
P(μ,ν)n = 0,

(22)

(
1 − x2

) d

dx
P(μ,ν)n = −n

(
x + ν − μ

2n + μ+ ν

)
P(μ,ν)n

+2
(n + μ) (n + ν)

2n + μ+ ν
P(μ,ν)n−1 = 0, (23)

the action of the θ -angular wave operator (Hθ − Eθ ) on the basis element (19) is
obtained as

|Hθ − Eθ | χn〉 =
[

n

2

(
x + ν − μ

2n + μ+ ν

) (
μ− 2α

1 − x
+ 2β − ν

1 + x

)
− α2

2

(
1 + x

1 − x

)
− β2

2

(
1 − x

1 + x

)

+
(
αβ + α + β

2

)
+ n

2
(n + μ+ ν + 1)+ σ x + qx2 + m2/2(

1 − x2
) − Eθ

]
|χn〉

− (n + μ) (n + ν)

2n + μ+ ν

(
μ− 2α

1 − x
+ 2β − ν

1 + x

)
An

An−1

∣∣χn−1
〉
. (24)

Considering the following recurrence relation and the orthogonality for the Jacobi
polynomials

x P(μ,ν)n = ν2 − μ2

(2n + μ+ ν) (2n + μ+ ν + 2)
P(μ,ν)n + 2 (n + μ) (n + ν)

(2n + μ+ ν) (2n + μ+ ν + 1)
P(μ,ν)n−1

+ 2 (n + 1) (n + μ+ ν + 1)

(2n + μ+ ν + 1) (2n + μ+ ν + 2)
P(μ,ν)n+1 , (25)

1∫
−1

(1 − x)μ (1 + x)ν P(μ,ν)n P(μ,ν)n′ dx = 2μ+ν+1�(n + μ+ 1)�(n + ν + 1)

(2n + μ+ ν + 1)�(n + 1)�(n + μ+ ν + 1)
δnn′ . (26)
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From which, a tridiagonal matrix representation for the θ -angular wave operator,
〈χn |Hθ − Eθ | χn′ 〉, is achievable with choices of the parameters α2 = β2, α =
μ/2, β = ν/2, and μ2 + ν2 = 2

(
m2 + 2q

)
. Thus, μ2 = ν2 = m2 + 2q requiring

that the azimuthal quantum number m satisfy m2 > −2q.To this end, we project the
action of the angular wave operator given by Eq. (24) on the basis elements from left,
a tridiagonal structure for angular wave operator is obtained as follows:

2 〈χn |Hθ − Eθ | χn′ 〉 =
[(

n + μ+ 1

2

)2

−
(
γ + 1

2

)2

− 2q

]
δn,n′

+σ
√

n (n + 2μ)

(n + μ)2 − 1/4
δn,n′−1 + σ

√
(n + 1) (n + 2μ+ 1)

(n + μ+ 1)2 − 1/4
δn,n′+1. (27)

Where μ = √
m2 + 2q . We have also introduced the dimensionless parameter γ by

writing 2Eθ = γ (γ + 1) = (γ + 1/2)2 − 1/4. Equation (15) shows that γ plays the
role of the angular momentum quantum number � in spherically symmetric problems.
However, unlike � that assumes non-negative integral values, γ is a continuous param-
eter that could be positive or negative. For positive parameter Eθ , γ must be either
greater than zero or less than −1. The reader can refer to [26] for more information in
support of this argument. The tridiagonal matrix representation of the θ -angular wave
operator in (27) makes the θ -angular Eq. (14) equivalent to the following three-term
recursion relation for the expansion coefficients of the θ -angular component of the
wavefunction

(
γ + 1

2

)2

f m
n =

[(
n + μ+ 1

2

)2

− 2q

]
f m
n

+σ
√

n (n + 2μ)

(n + μ)2 − 1/4
f m
n−1 + σ

√
(n + 1) (n + 2μ+ 1)

(n + μ+ 1)2 − 1/4
f m
n+1.

(28)

The resulting three-term recursion relation (6) could be written in terms of the poly-
nomial defined by

f m
n (Eθ ) =

√
(n + μ+ 1/2) �(n + 1)�(n + μ+ 1)

2μ�(n + μ+ 1)
Pm

n (γ, σ ). (29)

In which case Eq. (28) reads

(
γ + 1

2

)2

pm
n =

[(
n + μ+ 1

2

)2

− 2q

]
Pm

n

+σ (n + μ)

(n + μ+ 1/2)
Pm

n−1 + σ
(n + 1) (n + 2μ+ 1)

(n + μ+ 1) (n + μ+ 1/2)
Pm

n+1.

(30)
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The θ -angular component of the wavefunction (with arbitrary normalization by taking
Pm

0 (γ, σ ) = 1) could be written in terms of the L2 basis as

(θ) = �n Pm
n (γ, σ )χn(θ). (31)

We are now in the position to carry out the solutions of the radial Eq. (15). We can
expand the radial wavefunction, R(r), in a complete square integrable basis functions
{ξk(y)}∞k=0 as R(r) = �∞

k=0gk(E)ξk(y). These basis elements are compatible with the
domain of the radial Hamiltonian Hr and must satisfy the boundary conditions in the
configuration space with coordinate y ∈ [0,∞]. They are written as

ξk(y) = Bk yτ e−y/2Lδk(y), (32)

where y = λr, k = 0, 1, 2 . . ., and Lδk(y) is the Laguerre polynomial of order k.
The real parameter λ is positive and carries the dimension of inverse length. The
dimensionless parameters τ > 0 and δ > −1, and the normalization constant Bk =√
λ� (k + 1)/� (k + δ + 1). We take the radial Hamiltonian as

Hr = −1

2

d2

dr2 + Q

r
+ Eθ

r2 . (33)

Using the following differential formulas for the Laguerre polynomial

[
y

d2

dy2 + (σ + 1 − y)
d

dy
+ k

]
Lδk(y) = 0, (34)

y
d

dy
Lδk(y) = kLδk(y)− (k + δ) Lδk−1(y), (35)

we obtain

|Hr − E | ξk〉
= λ2

2

[
k

y

(
1 + δ + 1 − 2τ

y

)
+ γ (γ + 1)− τ (τ − 1)

y2 + τ

y
− 1

4
+ 2Q

λy
− 2E

λ2

]
|ξk〉

+λ
2

2

(k + δ) (2τ − δ − 1)

y2
Bk

Bk−1

∣∣ξk−1
〉
. (36)

Let us recall the following recurrence relation and the orthogonality for the Laguerre
polynomials

yLδk(y) = (2k + δ + 1) Lδk(y)− (k + δ) Lδk−1(y)+ (k + 1) Lδk+1(y), (37)

∞∫
0

yδe−y Lδk(y)L
δ
k′(y)dy = �(k + δ + 1)

�(k + 1)
δkk′ . (38)
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Thus, a tridiagonal matrix representation for the radial wave operator 〈ξk |Hr −Er | ξk′ 〉
is achievable if and only if δ = 2τ − 1 and γ (γ + 1) = τ(τ − 1), that is

τ =
{
γ + 1, γ ≥ 0
−γ, γ ≤ −1

(39)

Which makes τ always greater than or equal to +1 and δ = ± (2γ + 1) for ±γ > 0.
We obtain the following tridiagonal matrix representation of the radial wave operator

2

λ2
〈ξk |Hr − E | ξk′ 〉 =

[(
1

4
− 2E

λ2

)
(2k + δ + 1)+ 2Q

λ

]
δk,k′

+
(

1

4
+ 2E

λ2

)√
k (k + δ)δk,k′+1 +

(
1

4
+ 2E

λ2

)√
(k + 1) (k + δ + 1)δk,k′−1.

(40)

Therefore, the resulting three-term recursion relation for the expansion coefficients of
the radial wavefunction becomes

2

[(
k+δ+1

2

)
η−
η+

− Q/λ

η+

]
gk − √

k (k+δ)gk−1 − √
(k+1) (k+δ+1)gk+1 = 0,

(41)

where η± = 2E
λ2 ± 1

4 .

It is shown in Eq. (4) that this new noncentral potential is independent of angle ϕ,
the solutions of this quantum system must be symmetric about the z-axis. Rewriting
the recursion relation (41) in terms of the polynomials defined by

P̃k(Q; E) = √
�(k + 2τ)/�(k + 1)gk(E), (42)

we obtain a more familiar recursion relation as follows:

2

[(
k + δ + 1

2
+ 2Q

λ

)
cosϕ − 2Q

λ

]
P̃k −(k + δ) P̃k−1−(k + 1) P̃k+1 =0, (43)

where cosϕ = η−/η+ = 8E−λ2

8E+λ2 . Compare this three-term recursion relation to that of

a special case of the Pollaczek polynomials, Pμk (ν; z): [26,34,35]

2 [(k + μ+ ν) z − ν] Pμk = (k + 2μ− 1)Pμk−1 + (k + 1)Pμk−1, (44)

where μ > 0, ν is real, z = cosϕ. It should be understood that the parameter z is not
same as that appear in the Eq. (6) and 0 < ϕ < π . The orthogonality relation of the
Pollaczek polynomials is
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∞∫
0

ρμ(ν; z)Pμk (ν; z)Pμk′ (ν; z)dz = �(k + 2μ)

(k + μ+ ν)�(k + 1)
δkk′ . (45)

Where ρμ(ν; z) is the weight function. Therefore, we can write P̃k(Q; E) ∝
P
δ+1

2
k

(
2Q
λ

; cosϕ
)

. However, this is valid only within the permissible range of val-

ues of the parameters. This means that the solution obtained as such is valid only
for E ≥ 0, i.e., for the continuum scattering states. Thus for the continuum case, we
obtain the solution of the radial wavefunction in the tridiagonal representation as

R(r) = B E
γ (λr)

δ+1
2 e−λr/2�k

∞∑
k=0

P
δ+1

2
k

(
2Q

λ
, cosϕ

)
Lδk(λr). (46)

The normalization constant B E
γ depends on γ and the energy but, otherwise, indepen-

dent k [26].
To obtain the discrete energy representation, we should impose the diagonalization

constraint on the tridiagonal matrix representation (40), the first condition bn = 0,
giving λ2 = −8E . Since λmust be positive, this requires that energy must be negative.
The second condition an − z = 0, gives the following

λk = −2Q

(k + τ)
=

{−2Q/(k + γ + 1), γ ≥ 0
−2Q/(k − γ ), γ ≤ −1

(47)

Which requires that Q < 0. That is, the bound states exist only for the attractive
Coulomb potential.Thus, the discrete bound states energy spectrum is

En = −Q2

2 (k + τ)2
=

{−Q2/2(k + γ + 1)2, γ ≥ 0
−Q2/2(k − γ )2, γ ≤ −1

. (48)

This formula shows that the energy spectrum depends on the net charge Q and the
angular parameter γ . Although angular parameter γ plays the role of the angular
momentum quantum number in spherically symmetric problems, but γ is a continu-
ous parameter that could be positive or negative. For positive parameter Eθ , γ must
be either greater than zero or less than −1. The three-term recursion relation (30)
gives the parameter γ in terms q and σ . Consequently, the energy spectrum depends
implicitly on these physical parameters. The corresponding radial component of the
discrete bound states wavefunctions is

R(r) =
∑

k

Pk(Q; E)ξk(y). (49)

Finally, the exact complete solutions of the Schrödinger equation with the model
potential (4) is expressed as follows:
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ψ(r, θ, ϕ) = r−1

√
2π

R(r)(θ) exp(±imϕ), m = 0, 1, 2 . . . . (50)

5 Conclusions

In this work, we have proposed a new noncentral electric dipole ring-shaped potential
and obtained its exact solution by working in a complete square integrable basis that
supports an infinite tridiagonal matrix representation of the wave operator. Exact solv-
ability here means that we could obtain analytically the energy eigenvalues and the
eigen-functions. Moreover, this solution is for all energies, the discrete (for bound
states) as well as the continuous (for scattering states). The discrete spectrum of the
bound states is obtained by diagonalization of the radial recursion relation. It is evident
that the tridiagonalization program enables one to obtain exact solutions by mapping
the wave equation into an equivalent three-term recursion relation for the expansion
coefficients of the wavefunction. Consequently, finding solutions of the recursion rela-
tion is equivalent to solving the original wave equation. It is also pointed out that the
exact results obtained in this work may have some potential applications in different
fields. For example, it can be used to account for axial symmetry in system in physics
and quantum chemistry.
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